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Abstract 

One considers the quantum dynamics of a charged spin-^ particle in an 
extended external eletromagnetic field that arises from the reduction of a 5- 
dimensional Abelian gauge theory. The non-relativistic regime of the reduced 
4D-dynamics is worked out and one identifies the system as a sector of an 
N=2-supersymmetric quantum-mechanical dynamics. The full supersymmet- 
ric model is studied and one checks the algebra of the fermionic charges; the 
conclusion is that no central charge drops out. The possible role of the extra 
external fields, a scalar and a magnetic-like field, is discussed. 
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I. INTRODUCTION 



Supersymmetric quantum field theory at low energies (non-relativistic limit) raises spe- 
cial interest for a great deal of reasons, ||, ||, [fT3|] , JT7J. If Supersymmetry is a symmetry 
of Nature, what we see today must be its low-energy remnant through the breaking realised 
by means of some mechanism fl2" |, [14| , ]15] . In this limit, the underlying field theory should 
approach a Galilean invariant supersymmetric field theory and, by the Bargmann superse- 
lection rule |§, such a field theory should be equivalent to a supersymmetric Schrodinger 
equation in each particle number sector of the theory. 

In this paper, we shall consider a particle of mass m and spin-1/2 in an external field, ||, 



, 0. We build up a superspace action for this model, read off the supersymmetry. 
transformations of the component coordinates and then obtain the supersymmetric charge 
operators |lj . We analyse their algebra and pursue the investigation of the possible existence 
of a central charge in the system. 

We set our discussion by first considering the case of (1+2) dimensions. The Dirac action 
in such a space-time may be written as 



L = ^{i^D^ - m)^, 

where r] = (1, -1, -1) and 7 = cr 3 , 7 1 = ia 2 , 7 3 = 01, 73 = z7o7i, D^ = + ieA^. From 
the equation of motion, 

{iYDf, - m)^ = 0, 



and with the approximation 



1^ 



E + m — ec 



2m, 



„ (Ds + iDt) , 
^ = 2^—^' 



the Pauli Hamiltonian in 1+2 U takes over the form: 



1 



^.1 



- — ~A -e<p. 



H 



2m 



2m 



m 



2m 



The minimal coupling does not generate here any coupling term of the type spin-magnetic 
field as it is the case for the Pauli Hamiltonian in D=l+3. We can also show that this 
coupling term cannot appear from a non-minimal coupling of the type: 



In (1+3)D, we see that the bosonic degree of freedom, x % {t) (position), matches with the 
fermionic degree of freedom, S l (t) (spin). This makes possible the construction of superfields 
and then of a manifestally supersymmetric Lagrangian with linearly realised supersymmetry 



longer, the number of degrees of freedom of x l and the spin do not match anymore and then 
we cannot in this way build up superfields nor a supersymmetric Lagrangian in superspace. 
We can try to work in (1+3)D, starting from Dirac, taking the non-relativistic limit and 
making a dimensional reduction to (1+2)D. But, we see that it is not possible to drag into 
(1+2)D the analogue of the coupling of spin-magnetic field that exists in (1+3)D [|J. We 
will try to study this model in (1+3)D with N=l and N=2 supersymmetry; we shall however 
start from (1+4)D, where we may propose a matching between coordinates and 5D spin and 
then carry out the dimmensional reduction to 4D, getting to an extended eletromagnetic-like 
field. 



Dp = dp + ieA^ + igF^ 




|T||. However, in (1+2)D, the same does not occur; angular momentum is not a vector any 



II. N=l-D=5 REDUCED TO N=l-D=4 



We consider the following action in D=4+l 



L = *(T^D A - to)*; 



(1) 
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where we define: 



Ag {0,1,2,3,4}, n = (+,-, -,-,-), 



(2) 



= (t,x,y,z,w), Fp,p = djxAt - dpAp,, 



D.=d^ + ieA^ A, = (A,A), {r^,r} = 2^, 



d_ 



Fq4 — S, Fa — Bi, Fij — CijkBk, Foi — Ei, 

where i, j, k G {1, 2, 3}. Notice that the scalar, S, and the vector, 1?, accompany the vectors 
i? and il later on to be identified with the electric and magnetic fields, respectively. Our 
explicit representation for the gamma- matrices is given in the Appendix. We set: 

We now take the equation of motion for \I/ from the Euler-Lagrange equations ([I]). We 
suppose a stationary solution, 

ty(x,t) = exp(iet)x(x); 

here, we are considering that the external field does not depend on t, and A = 0. Then, 
proposing the reduction prescription: 

we obtain 



D <{=> F 0i = d A, - diAo = 0; 



(3) 



£ = F 04 = d A 4 - d 4 A = 0; 
Fij = diAj — djAi = —Eij^Bk] 

F i4 = diA 4 - d 4 A { = diA = -B t . 

Then, considering the non-relativistic limit of the reduced theory, the equations of mo- 
tions read: 



(e + m)I 2 xi + (-ia l (di + ieAi) + H 2 eA 4 )x2 = 0. 



(4) 



{ia\di + ieAi) + H 2 eA 4 )xi + (-e + m)I 2 )x2 = 0. 



therefore, we see that x 



\X2) 



looses two degrees of fredom, described by the "weak" 



spinor, X2- So the Pauli-like Hamiltonian we get to reads as below: 

1 



H 



2m 



(5) 



i^(A 4 ) - e 2 {A 4 



where we used (|2]). 

If we define, P l = —i\f (h = 1), then the Hamiltonian (^) will become 



H = 

2m 



(pi - ieAi) 2 - eBiSi + eBiSi - —A 2 



the corresponding Lagrangian is given by: 

1 



(6) 



—Bieijkipjipk - —BiEijk^jipk - 



where the dot is a derivative with respect to t. We can also write 



L = -(xi) 2 + -if)ii)i + eAiii, (7) 

e 2 A 2 

-eBiSi + eBiSi — , 

where we define the spin by the product below: 

Si = -^e ijk ifjjifj k . 

III. N=1-SUPERSYMMETRIC ACTION 

To render more systematic our discussion, we think it is advisable to set up a super- 
field approach. We can define the N=l-supersymmetric model in analogy with the model 
presented above, eq.(^). We start defining the superfelds by 

$ i (t,9) = x i (t)+i9rl> i (t) Z(t,8) = £(t) + 9R(t), (8) 

A(x) = A 4 (x) A($ s ) = A(x) + i(a,-A(ar))^. 

The supercharge operators and the covariant derivatives are given by: 

Q = d e + i9d t D = d e -i6d t H = id t . (9) 

Then, the N=l-supersymmetric Lagrangian that generates, Lagrangian (|B|) can be writ- 
ten in superfields as: 

C = ~$iD<&i + ie(D$i)Ai(&) + hlDT, + (10) 

IP 

-eSA($) + -e i j h d i k{$)Q j D$ k , 

where we have set m = 1. 

The commutators and anticommutators for the superfield components are 

= Sij, = -2i, [x it pj] = iSij, (11) 
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the other commutators vanish. 

The component field R does not have dynamics; then, we use the equation of motion to 
remove it from the Lagrangian: 

R = eA. (12) 

The supersymmetric action is then 

S = J dtdOC 

We have written the supersymmetric Lagrangian in components, |l[ , under the form, 

£ = K + 6L 

where we define K and L as follows: 

11. ie 

L = -XiXi - -ii/jitpi + eiiAi - —F ij if) i 'if) j + (13) 

i ■ R 2 
+-e££ + — — eRA + ie£VA+ 

6 26 IC 

+-e ijk B i x j x k - —eijkBi^jifjk - —e ijk ^ r diB r Xj^ k 
Also from L in (0), we can read the Hamiltonian: 

I 7 f 

H = -(p' - e^) 2 + -e^£? fc ^+ (14) 

-^ijkBiipjipk - —e rji {d r B k )xji} k ^i + ieBi^i>i+ 
e e 2 e 2 A 2 

"P,^jkiBjX k {jpi Cv4 ) -|- -—£j k i€ rn iBjB r X k X n -f- — , 
z o z 

in this equation, we have eliminated the component-field without dynamical character. 



A. The supersymmetric charge 



Acting with the supercharge operator (|^) on the superfields (|8|), we can obtain the 
super symmetry transformations of components fields; they are: 



Sijj 1 = ex\ 5£ = —ieR, 5R = -e£, 5x l = -ieip l . 



(15) 

From the supersymmetric transformations and the Lagrangian fll3|) , we can analytically 
calculate the supercharge, through the Noether's theorem. The charge operator comes out 
to be 



Q = i)iXi + -{l-i)£R-e£k. 



(16) 



The supercharge algebra reads 



[Q,Q} + = 2H or Q 2 = H, 



where H is the Hamiltonian of eq. (jnj). 



B. Equations of motion for the extended Electromagnetism in D=4+l 



We start by considering the equations of motion 

e*fi*fod & Ffa = and d a F^ = p^; where is the field strength defined in © and e^ a ^ 
is the Levi-Civita tensor in 5 dimensions. Then, we have: 



^ • t = J 5 
V x t = 



^•3 = 



dt 



~dt 
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dt 



(17) 



The Lorentz force, calculated using the fact that the Hamiltonian in D=4+l is 

H = ^-(t + e-l) 2 + eA°, (18) 



reads as below: 



d 2 x 5 -> 

m— = eBlf + eS, (19) 
ut 

_, T* ""Ft 

m = ev x B+eBx^ + eE. 
at 1 



IV. A TOY MODEL WITH N=2-SU.SY. 

The superspace coordinates are (t, 9±, 9 2 ) with 9\ and 9 2 real, or (t, 9, 6) with 9 — 9\ + i9 2 
and 9 is it complex conjugate. 9, 9 are complex Grasmannian variables. 
The translations 

St = ie*9* + ieO, 59* = ie* and 59 = -ie, 

define a susy. transformation in superspace, where e is a complex Grasmannian parameter. 
The differential representation for the supercharge operators is given below: 

Qe = d e + i9d t , Qe = d § + i9d t , (20) 
and the covariant derivatives are 

D s = d e -m, D e = d- e -i9d t . (21) 
We have the following algebra, 

[Qe,Qs\ + = 0, [Qe,Qe]+ = 0, (22) 

[Qe,Qg] + = 2 ^ = 2 ^ 
where H will be identified with the Hamiltonian. 



If we are able to define an invariant action, S, for a translation in superspace (t, 0, 6) [|J, 
||13|| , where the transformations parameter is a Grassmmanian parameter, we say that this 
action has an N=2-supersymmetry. In this way, we can define N=2-superfields |16| as we 
discuss in the sequel. 

The complex chiral superfield = 0) admits the following ^-expansion: 

= Xiit) + e^t) + mxiit). (23) 

ipi is a Grasmannian variable and Xi is a commutative complex variable. 
We have also a real superfield (S = £*), 

£ = + i0x(t) + i6 X (t) + OeR{t), (24) 

where £, i? are real component fields; x an d X* are complex components fields; x is a 
Grasmannian variable and R is a commutative variable. From the susy. transformations of 
these superfields, the component coordinates can be shown to transform as follows: 

5xi = —ietpi Sipi = —2e*ii 5£ = e*x + ex* (25) 



5ii = —ieipi 5x* = e*(R + i£) 5x = t(-R + ix) 



SR = -i e *x + iex*- 

With these superfields, we define the N=2-action for a model similar to the previous one by 
means of the expression, 

S = J dtd6d9£, (26) 

c = + **<nr + A Mm - r HM<l ' ]] 

-±(I> tf E)(W + ^pEA(* y ) + ^(A($))*£* 
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1 g 

+ -e^H^n - -e^$ fe $*A,($)*, (27) 



where 



Aj($) = Aj(x) + OiJjjdjAiix) + i9*9xjdjAi(x), 

A($) = A(x) + tyjdjkix) + i9*9x j d j A(x), 
_ dA(x) d*A(x) __ dAjjx) 

To work out the supersymmetric Lagrangian in terms of components, we start off from: 

c = k + ov s + W e + eel. 

Integrating eq. (|26|) on 9 and 6>, we get 

S = J dtL, (28) 

where we can write 

E = L + f, (29) 
the term y is a surface term, L is a total derivative of surface term added to L, and 



Vg = ~±i^ - % -eA^* + '-eXiidjAiYij* + l -(R X + %x)+ 



l -eV2A X - l -eV2{diAfi^ + l -eV2A* X - '-ee^AAx^l 



+ -ee ijk x k x*(did p A)*ip* + -ee ijk x k (diA)*ij)* (30) 



V e = '-x*^ - l -eA*^ + ^ex&Mj + \( R X* ~ %X*) 



+ l -eV2A* X * + \eV2A X * - -ee^^A)* 'x*^ k + 
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-eV^diA^tpi + -eeijkxlxjdidpAipp + -ee^x^A^. 
The Lagrangian in terms of the physical coordinates reads as below: 
L = - Xi x* - + -ipiip* + -eAiX* - -edjAiifjjif)* 



11 11 

-e XiA* + -ie {d i A j y^* i + -i XX* ~ ~£ XX* 



~R 2 - + ^eV2(i + i Bi^x + RA) 



+\e V2 (A*R + i (Bi)*ip*x* - i (B^x^) 



+ e kji (2B k XjX* - i B k ^jip* - i d r B k Xji> r ^*) 



+-e e kji (2x t (B k )*x* + i (B k )*^* + i {d r B k )* xty^) ; 



also, the surface terms collected in Y are as follows: 



1 ] e e 

gXj^j g-^i-^i ^^J^i ^i-^i 



6 6 

— AiXjX k €ij k — X k XjA £ij k 



A. Supersymmetric charges from the Lagrangian 

The Hamiltonian reads: 

H = XiU x i + U x ix* + ipiUfr - U^*ip*+ 

+ X Tl x -Tl x *x* + i^-L; 



so, 
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+ \ie{d j A i -{d i A j y)^t+ (33) 



% % % 

-ee kji B k tpjtpi + -ee kji (d T B k )* x*%l)* r ^i + -ee kji BixA 



^kji ( j B k Xj + - Ckji^npiBkBi 



(el - ^T) + ^e 2 ^ - 3 - ? + C.C. 



where we take from the Lagrangian (|3T|) canonical moments Tlj. 

Using Noether's theorem for the supersymmetry transformations, we read the charges 
and we neglect the surface terms, which shall be considered in the next section. The idea is 
that here we are not interested in topological solutions. 

5 3 5 1 

Qe = (^ n *l - gieAi - — ev^A* + -ieXjA tj 

—i6E k ijXjA.p, + —iec kr iXjX r A.^j 4~ —ieA-Xj (34) 
o o o 

--ieejkiXkAj - -ieejrkA^x^Xk + ^-ie€ jrk N* i:j x* r x k )iJj* 



2 Z 8 



~iIL. + -ieA* - — eV2£Ai - -iex*,A*. 
4 * 8 1 16 ^ 8 3 13 



^%c€ k ijX jA k ^ic€ kr iXjX r A. k j ^icAjiX 



.i&tjk&kAj ~t~ tC€j rk Aj{X r X lC€j rk AijX r X k ^j1pi 
4 o 4 
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+(2n 5 - l -eV2A - % -eV2A* + % -eV2x*A*) X * 



We check that 



[Q- e) Q e ] + = 2H l (35) 



5 /5\ 2 — 

[Qe,Qe} + = 7^iex* k A m] - I -J ey/2£A M 



~ieA mX le kjn - ^ieA [k , j]X * n e ki 



5 

• -^^idX i ( .X r (-nrk i^nji 2Aj n j A n ij -\- 2 A^ n j ) Ip^ tpj 



[Qe,Qe} + = (--iex k A* k[i>j] - (-feV^A*^ 

' A * ' A * 

5 

— iex k x r e nrk ( y A ni j — 2A iry - — A n j i + 2Aj ni )ipjip i , 

where the subscript stands for anti-symmetrisation over the indices i,j. If we impose 
that the algebra of charges are the ones in (]2"2"D, we need that 



A k \j,{\ = A^j] = Artffi = (36) 



A l[j,i] = A [ M '] = K[j,i] = 0) 

which means that the funtions have continuous second derivatives. We then see that central 
charges in the N=2 - su.sy. algebra might appear only if we have potential configurations 
with non-continuous second derivatives, like what happens in the presence of Dirac-string 
monopoles. 
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B. Supersymmetric charges from the Lagrangian with the surface terms 



If we now consider the surface terms coming from Y, We get to the Lagrangian 

7 r dY 

L = L + nr- 

We now consider the contributions arising from the surface terms, since they might lead 
to topological configurations that could induce the appearance of central charges in the 
N=2-susy. algebra. 

Qe = (3^! - ^ieAi - iev^A* + ^iexjAji 



3 3 3 



+ (2IT C + -eV2A* + -eV2A) X (37) 



Qe = (~m xi + UeA* - ^ev^A* - ^iex^A*, 



1 _ ^ 1 # 1 

~~^i&€jikXk^-j ~ ^"i^rjkX^XjAri + — ieejkiX k Aj)lpi 



(2IL, - l -eV2A - l -eV2A*) X * 



following that the charges algebra are, 

[Q s ,Qg] + = 2H 



4 4 r 

[Qe,Qe] + = {-eix* k A k[jA + -eV2£A M 



4 

+ -eix n x\e rnk A r{j ^i^j (38) 
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_ 9 e ^ X n X k e mk-^*[i,j] Wj^il 

where the Hamiltonian H is the same obtained from lagrangian L by Legendre transforma- 
tion. 

If we impose that the algebra of charges is the same as the one in ( p^) , we need that 



(39) 



the algebra of commutation relations for the component coordinates are given as: 



[xi,IL Xk ]_ = iS ik x*,Il x * = i5 ik [^,n ? ] 



>ik 



[X,X*}+ = -4, 



(40) 



—i 



-i \x,IL x ],=-i 



[x*,n x *] 



all other relations vanish. We can obtain the same algebra for the components of superfields, 



proceeding to the canonical quantization ||11|| , where the momenta IT,,-, follow now from the 
Lagrangian L. 



V. CONCLUSIONS 



We propose a supersymmetric quantum-mechanical system given by a non-relativistic 
particle in an external field. We formulate the problem in 5D, where the particle presents 4 
fermionics degrees of freedom, and 4 bosonics degrees of freedom (N=l - D=4 => N=2 - 
D=4). In dimensions smaller than 3+1, we do not have suficient degrees of freedom in the 
fermionic sector. Then, we cannot write the model in terms of superfields. 
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Starting from 4+1, the consequence is that we drag another object from there, B{. The 
interpretation of this object is not clear, but it follows from the extended Electromagnetism 
we have discussed. We obtain a simple and also extended (N=2) su.sy.. 

We observe that, although the charge in N=2-su.sy. changes with the surface terms in 
the Lagrangian, we do not have change the charges algebra of supersymmetry. In other 
words, surface terms do not give rise to a central charge in this model, except in the case the 
derivatives do not commute when applied on and A, or, in other words, when Dirac-like 
strings are present. 

Here, we have set an extended eletromagnetic model to see how central charges may 
show up. Next, we wish to reset the turbulent system, decribed by a BRS-symmetry, as 
studied in in terms of an N=2-D=2-supersymmetry. The instanton solution present in 
the system may be the source of a central charge in the N=2-algebra. Also, the realisation of 
an N=2-su.sy. for the turbulent system may ensure the topological stability of dual solutions 



that saturate the Bogomol'nyi bound |IB|, fT7| 



APPENDIX 



We quote below the T-matrices representing the Clifford algebra of (1+4)D: 



fo 




f 


; r» = 




o \ 


; r* = 





















i2 . 
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